A generalization of the Fix-Heiberger reduction is used to deflate the infinite and the singular structure from a symmetric matrix pencil A -XB. The finite eigenvalues can be determined from the remaining symmetric problem. With the aid of this deflation method it is shown that the Kronecker canonical form of A -XI? is very special if B is positive semidefinite.
INTRODUCTION For the general matrix pencil
A-XB,
where A and B are both m X n matrices, there exist an m X m matrix P and an n X n matrix Q whose elements are independent of X, such that P( A -
1

I-XN '
where the matrix J is in the Jordan canonical form, and N is a Jordan canonical matrix with zero diagonal elements.
(ii) A, -h B, is a block diagonal matrix pencil whose diagonal blocks consist of bidiagonal matrices, each of which is an Ed X (q + 1) matrix of the form E,
where si is a nonnegative integer and is called the Kronecker column index.
(iii) A, -h B,, is also a block diagonal matrix pencil whose diagonal blocks consist of bidiagonal matrices, each of which is an (vi + 1) X vi matrix of the form
where qi is a nonnegative integer and is called the Kronecker row index.
If A and B are both square matrices and det(A -h B) + 0,
is
With the aid of this deflation method we show that the Kronecker canonical form of A -Xl3 is very special if B is symmetric positive semidefinite.
GENERAL CASE
We start with generalizing the Fix-Heiberger reduction [6, 9] to deflate A and B simultaneously when A -XB is a general n X n symmetric matrix pencil. AT NOTE. Hereafter, we reuse some of the names of the blocks after processing them to avoid step superscripts.
3. Construct an n, x n1 orthogonal matrix Qll and an nq X n4 orthogonal matrix Q= such that This holds for any X, so A -hB is a singular matrix pencil.
n For the generalized eigenvalue problem (I) we have separated out a subset of the Kronecker indices (nq -A, zero Kronecker row and column indices) [ 11. Hence we only need to consider the generalized eigenvalue problem associated with the matrices in (9). Let x = [XT, xi, xi, XI]', and substitute this x in (10). The problem is now separated into an (n, -ii_+) X (n, -ii,) symmetric generalized eigenvalue problem (11) and the following equations:
The symmetric deflation procedure can be continued with respect to the matrix pencil (A, -A, D&'AT,) -A B,,, which is in accordance with the matrices in (11). These procedures are continued I times until the resulting right-hand (B,,) , is nonsingular. In that case we get (A,, -bP,'AT,),(x,)~ = dbd,h),~ (12)
We can apply QZ algorithm [2, 8] or HR algorithm [3, 4] to solve the problem (12). If ni -ii, is zero, then there are no finite eigenvalues.
ONE OF THE MATRICES IS SYMMETRIC POSITIVE SEMIDEFINITE
If one of the matrices in the symmetric matrix pencil A -XB is positive (or negative) semidefinite, then the canonical form of this matrix pencil has a very special form and the solution of the corresponding generalized eigenvalue problem will be simplified considerably. (18) and (20) we can immediately get the all conclusions of the theorem. When the matrix B is positive semidefinite, the solution of the corresponding generalized eigenvahre problem (1) can be reduced to the solution
